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Overview

© Skew and normal form parameterizations
@ Skew parametrization

© Sum and differential resonance
@ Tune

© Coupling resonance correction using Skew Quads

@ Vertical mode emittance, ey

© Summary
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Skew and normal form parameterizations

Introduction

Based on discussions in J-PARC
o J-PARC operated at (nuy,v,) = (22.40,20.75) Sum resonance
vx + vy, =. is source of beam loss.

o New operating point (21.4,21.3) (closed to differential resonance) is
tried to boost higher beam power.

@ Resonance behavior for space charge tune spread.
@ Tune scan measurement has been performed in SuperKEKB.
@ Essential is treatment of 4 x 4 transfer/revolution matrix.
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Skew and normal form parameterizations

4 x 4 revolution matrix

Skew components are contained in a ring.

Nsq
M(s) = Maxa(so, Snsg) H Msq(si)Maxa(si, si—1) (1)

1=

Msq is skew quadrupole component with thin lens approximation. The
skew component is assumed weak.

1 0 0 O
0 1 kK O

Mso(s)=1| o o 1 o (2)
ki 0 0 1
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Skew and normal form parameterizations

Two parametrizations

e Skew parametrization (perturbative)

M(s0) = M2x2(s0) Msq(so) (3)
NSQ
Msq(so) H M;25(sis 50)Msq(si) Maxa(sis so)
i=1

@ R matrix parametrization (normal form).
M(s0) = R(s0)M2x2(s0)R™*(s0) (4)

Max2(s0)'s of two parametrization is nearly equal, but not equivalent (see
later).
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Skew and normal form parameterizations

Normalization of (3

U(s0) = B '(s0)M(50)B(s0)  Uaxa(s0) = B~ (s0) Maxa(s0)B(s0) (5)

1
B, 0 - 0
B=( * Bi=| V& 6
( 0 B ) < vE Vo ) ©
([ Uc O o cos i sin
Uaxz = ( 0 U, > Ui = ( —sinp; CoS i > (7)

where pj = 2mv;, i = X, y.

Usq(s0) = B~ (s0)Msq(s0)B(so)  Re(so) = B '(s0)R(s0)B(s0) (8)
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Skew and normal form parameterizations [ESCWASEIETNErETaTe)

Skew parametrization

- h —SPL,S
USQ(SO) =B l(So)MSQ(So)B(SO) = ( _p'g;Q j’OISZQ 2 ) (9)

[ =S +S. C.-C
PSQ_( Cy+ Co 5++5_) (10)

po = /1 — |Psq| for symplecticity requirement.

1 s+L

Se=p [ kBB sinouds (11)
1 s+L

Ci = 2/ ki/BxBy cos ¢Lds (12)

where ¢4 = ¢ & ¢,,.
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Skew and normal form parameterizations [ESCWASEIETNErETaTe)

R matrix formalism (beta normalization)

n 0 n -n n 0 g —q
0 rnn -n n 0 rn -9 q
R = Rr =
-n —rn rnn O 5 —q1 —q2 0
-n —rn 0 n —gq3 —q4+ O ro
(13)
where rg = /1 — rirs + rpr3. Relation of r; and g;
g = o nox o nbytnay (14)
V/ BxBy /BBy
rn . r36x6y + rlﬁxay - r404x5y — ROaxQy (15)

® = BB P VBB,
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Skew parametrization
Relation of Psg and Rp

From
Uax2(s0) Usq(s0) = Re(s0) Uax2(s0) R ' (s0), (16)
thre relation of S4, C+ and g; is given by
1 .
S, = 5 [—g91 + g4 — ro(g2 + g3) sin py + ro(g1 — qa) cos i+ ]
1 :
G = 5 (g2 + g3 — ro(q1 — qa) sin puy — ro(g2 + g3) cos f1.+]
1 .
S- = slatatrn(e—as)sing — (e +a)osp] (17)
1 .
C. = 5 [—92 + g3 + ro(g1 + qa) sin u— + ro(g2 — q3) cos pu—]

where i+ = i & py,
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Sum and differential resonance

Behavior near sum resonance

For simplicity, consider S, = Cy =0, ux = p+e€, py = —p+e€

Po 0 -5 —-C_

U= ( U(p +e) 0 > 0 p C -S
N 0 U(—p+e) S —C. o 0
C_ S 0 Po

(18)

where pg = /1 + 52 + C2.

Eigenvalues

cos =+ i\/SE + C2 +sin?p
Ay = (19)

eE(Fie, /1452 4 C2

Stable because of [Ay| =1
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Sum and differential resonance

Behavior near sum resonance (S = C_ = 0)

p 0 =5

U(p+e) 0 0 p C Sy
U= 20
( 0 U(—p+e) -5+ G pp O (20)
G 5S¢ 0 po
Eigenvalues
_cose+iy/sin?e—S2 — C2 C144/52 +C?
Ay = T \/ RGNS T i (21)

1-82-¢2 1-87-¢;

Unstable because of [AL| # 1.
Near sum resonance, Sy, C; induce instability.
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Sum and differential resonance

Behavior near differential resonance

ForS_=C_=0

2 2 2
cos £ iy/sin“pu+S% + C
Ae = v = (22)

ete\ /1453 +C2

Stable because of [Ay| =1
For S+ = C+ =0

, cosej:i\/53+ C2 +sine
Ay = et
V1+82+C2

Stable because of |A+| = 1. Two tunes split tandu/2 = {/S% + C2.

Near diff resonance, S_, C_ induce tune split.
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Sum and differential resonance Tune

Emittance and Tune of Hor. and Ver. mode

@ Betatron oscillation is characterized by 4 x 4 revolution /transver
matrix.

@ The revolution matrix has 4 eigenvalues, exp(+iux) and exp(£iuy),
where uj = 27v;.

© We measure the two tune, (vx,vy)

© Meaningless variables, vy, vy, ex, €y, Bx, By,0x,0y
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Sum and differential resonance Tune

Emittance

Beam envelope normalized by 3, B~1(xx")B, is regarded as the ordinary
emittance, if it is diagonalized by (ex,ex, €y, €y ).

g
2
B_1<XXT>B = £&X 0 0 2 2

—rnqr —rhqz q1 + @5

—rnqgs —rnds qi1q3 + q2qs q% +q3
959

4 oey | BBTO@ 3 + a5 (24)

r0Ga —roqs 1§
—rq a1 0 2

Forey =0, e, = ex(q? + q3), ex(q3 + q3) or determinant of (3,4)

submatrix ex\/(q% + 43)(q3 + q2) — (q193 + 92ga)?. that is, it is not
unique, nor is not invariant for s, exactly speaking.
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Sum and differential resonance Tune

Behavior of the coupling parameter g; for s

Region without skew components

RB(S2) = U(SQ,Sl)RB(Sl)U(SQ,Sl)_l (25)
(U 0 o cos ¢i(s2,51)  singi(sz,s1)
Uls2, 1) = ( 0o U, > Ui = ( —sin¢j(s2,51) cosdi(sz, 1) )
(26)
where ¢;(s, s1) is the betatron phase difference.

qi(s2) + qa(s2) = (q1+ qa)cosd— + (q2 — gq3)sinp—

q2(s2) — g3(s2) = (92— g3)cosdp— — (g1 + qa)sin o
q2(s2) + a3(s2) = (q2+@q3)cosdr — (g1 — qa)singy  (27)

qi(s2) — qa(s2) = (g1 —qa)cosdy + (g2 + g3)singpy

where ¢4 = ¢ £ ¢,
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Sum and differential resonance Tune

Invariant of the coupling parameters

Region without skew components

(g1 +qa)+ (2 —a3)> (q1—qa)>+ (g2 + q3)° (28)

or
G+a+ad5+a;  qids— G203 (29)
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Sum and differential resonance Tune

Tune scan experiment

Tune split

op=2,/5%+ 2 (30)

Using Eq.(17).

i =[(q1 + qa)(1 = cospu_) + (g2 — g3) sin p_J°
+[—(gq2 — g3)(1 — cos 1) + [(q1 + qa) sin ]
=4[(q1 + qa)> + (q2 — g3)?] sin? 'u2 (31)

Vertical emittance induced by x-y coupling in a very rough expression

&y BB r@E+aG o
Ex 2 8sin?

= (32)
2
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Coupling resonance correction using Skew Quads

Coupling resonance correction using Skew Quads

Coupling resonance correction, not coupling correction.
Several skew quads are added. The whole transformation in revolution
matrix is expressed by Nsg, Vsq.

Mo(s)Nsq = BUUsgVsqB™'  Vsqg = BNsgB™* (33)
Usq Vsq is parametrized by
pol  —S2PépS: >
UsqVsq = 34
saTsq ( —Psq  pok (34)
We assume Nsg, Vsg as an example,
1 0 —-Ky O
_ 0 1 Ki O
Ki Kb KiKy 1

Ki = \/Bx,iBy,iki. Two skews are installed at A¢, = 0.25, A¢, = 1.
X-Y coupling April. 21,2016 18 / 22



Coupling resonance correction using Skew Quads

Skew Quads strength for the resonance correction

Usq Vsq gives

-5, -5 —-K, C—-C_

o + 2 Gy

PSQ_( Cot C_+ K 5+—5_> (36)
Differential resonance correction is performed by K1 = —2C_, K, = —25_,
while some resonance terms become C|, = C; — C_,S, =5, —S_.
Some resonance correction is performed by K1 = —2C,, K, = —25,.

Vs using 4 skew quads can compensate both of sum and differential
resonances, corresponding |R(s1)| =0

1 0 K —Ka
0 1 K K
Ky —Ks 1 0

Ki Ko 0 1

VsQ ~ (37)

4 skew quads are located at A¢y o1 = 0.25, Ag, 21 = 1,
Agy31 = 1,A¢dy 31 = 0.25 Ay 41 = 0.25, A¢y, 41 = 0.25.
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Vertical mode emittance, €y

Vertical mode emittance, ¢y

Vertical mode emittance ey is induced by dispersion 7y, 7). Measureable
dispersions are (1x, 7, 1y 1, )-

Hy =0y + 2aynyny + Byny (38)
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Summary

Summary

Relation of Skew and R matrix parametrizations is obtained.

Vertical emittance (e,) from leak of horizontal mode emittance (ex)
is expressed by R matrix elements.

The vertical emittance (e, ) is estimated by tune stopband
measurement.

(]

R parameters at several locations (IP...) are controlled by Skew
Quads.

Coupling resonance compensation is performed by Skew Quads in the
same meaning.

Vertical mode emittance (ey) is induced by dispersion 1y (1, 1y, R).
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The End

Thank you for your attention
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